Let X, Y be Banach spaces, let A : X → Y be a bounded linear operator. Let T ⊂ X and S ⊂ Y be homogeneous subsets. One can define the nonlinear operator generalized inverse A (h) T,S for the operator A with prescribed range T and kernel S. In this paper, by virtue of the gap between homogeneous sets and the concept of quasi-additivity, we further investigate the general perturbation analysis problems for the generalized inverses A Mathematics Subject Classification: 47A05, 46B20
Introduction
Let X, Y be Banach spaces, and B(X, Y ) be the Banach space consisting of all bounded linear operators from X to Y . For A ∈ B(X, Y ), let N (A) (resp. R(A)) denote the kernel (resp. range) of T . For A ∈ B(X, Y ), It is well known that if N (A) and R(A) are topologically complemented in the spaces X and Y , respectively, then there exists a linear projector generalized inverse A + ∈ B(Y, X) defined by A + Ax = x for x ∈ N (A) c and A + y = 0 for y ∈ R(A) c . Where N (A) c and R(A) c are topologically complemented subspaces of N (A) and R(A), respectively. The linear projector generalized inverse of a bounded linear operator has many important applications, such as applications in numerical approximation, statistics and optimization (see [2, 6, 8, 9] ). But, in general, it is well known that not every closed subspace in a Banach space is complemented, thus, the linear generalized inverse A + of A may not exist. In this case, we may seek other types of generalised inverses for A. By using the so called homogeneous (resp. quasi-linear) projectors in Banach space, in [11] , the authors defined homogeneous (resp. quasi-linear) projector generalized inverse. From the results in [9, 12] , we know that, in some reflexive Banach spaces X and Y , for an operator A ∈ B(X, Y ), there may exist a bounded homogeneous (resp. quasi-linear) projector generalized inverse of A, which is generally not linear generalized inverse of A. So, from this point of view, it is important and necessary to study some nonlinear generalized inverses in Banach spaces.
Let A ∈ B(X, Y ), let T and S be two homogeneous subsets in X and Y , respectively. Motivated by some related work on the linear generalized inverse A (2) T,S in the literature, in our paper [4] , we have defined the quasi-linear operator generalized inverse A T,S much more difficult. In this paper, by using the gap between homogeneous sets and the concept of quasi-additivity, we will make a further study on the general perturbation analysis problems for the generalized inverses A 
Preliminaries
In this section, we will recall some concepts and results used in this paper. Let A : X → Y be a mapping and D be a subset of X. Recall from [9] that D is called to be homogeneous if λ x ∈ D whenever x ∈ D and λ ∈ R; a mapping A : X → Y is called to be a bounded homogeneous operator if A maps every bounded set in X into a bounded set in Y and A(λ x) = λ A(x) for every x ∈ X and every λ ∈ R. Let H(X, Y ) denote the set of all bounded homogeneous operators from X to Y . Equipped with the usual linear operations on H(X, Y ) and the norm on A ∈ H(X, Y ) defined by A = sup{ Ax | x = 1, x ∈ X}, we can easily prove that (H(X, Y ), · ) is a Banach space. Obviously, B(X, Y ) ⊂ H(X, Y ). For a bounded homogeneous operator A ∈ H(X, Y ), we always denote by D(A), N (A) and R(A) the domain, the null space and the range of A, respectively. Definition 2.1 ( [1, 12] ). Let M ⊂ X be a subset and let A : X → Y be a mapping. Then we call A is quasi-additive on M if A satisfies
For a homogeneous operator A ∈ H(X, X), if A is quasi-additive on R(A), then we will simply say A is a quasi-linear operator.
Now we recall the definition of the quasi-linear operator generalized inverses with prescribed range and kernel.
Definition 2.2 ([3, Definition 4]).
Let A ∈ B(X, Y ). Let T and S be homogeneous subsets in X and Y , respectively. Let B ∈ H(Y, X) be a bounded homogeneous operator. If B ∈ H(Y, X) is quasi-additive on R(A) and satisfies all the following equations:
then the operator B is called to be the quasi-linear generalized inverse of A with prescribed range T and kernel S. We denoted it by A (h) T,S . One of the motivation for us to study the quasi-linear projector generalized inverses is the following Remark. Remark 2.3. Let A ∈ B(X, Y ). Assume that N (A) and R(A) are Chebyshev subspaces in X and Y , respectively. Then the Moore-Penrose metric generalized inverse A M of A uniquely exists (cf. [7, 9, 10] ). Let
Where,
Then S and T are homogeneous subsets in X and Y , respectively, and
T,S . In our paper [3] , we have further studies the generalized inverses A We also have the following proposition which gives the uniqueness of A The gap function is one of the main tools in this paper, For more information, please see [5] . In order to prove our main results, we need to extend the definition of gap function for subspaces to homogeneous sets of X. Definition 2.4. Let X be a Banach space. Let M, N be two homogeneous subsets of X. Set
General perturbation analysis of A (h) T,S
In this section, we will present perturbation results for the generalized inverse A T,S is quasi-additive on R(δA) and
T ,S exist, Thus, by Lemma 2.1, we have the following quasi-linear decomposition for X and Y , respectively.
T,S . From the above decomposition, for any ξ ∈ Y , there exist u ∈ R(Ā) = R(T ) and u ∈ S such that ξ = u + u . Thus, u =ĀĀ (h) T ,S y for some y ∈ Y . Noting that for any > 0, we have
thus, there is a y ∈ Y such that
T ,S ) = S and A
(h)
T,S is quasi-additive on R(T ), we have
Therefore, let → 0 + , we get
Consequently,
This completes the proof. Now we give the result when the operator A and the subset S has a small perturbation. 
T,S is quasi-additive on R(Ā) and R(δA). Then
Proof. For convenience, set W =Ā
T,S and Q = I −ĀĀ
T,S is quasi-additive on R(T ) and R(δT ), it follows that
Since Q ξ ∈ S for any ξ ∈ Y , we have dist(Q ξ, S) ≤ Q ξ δ (S, S ). Thus, for any > 0, there is a u ∈ Y such that Q ξ − Bu ≤ Q ξ δ (S, S ) + and so that A (h)
Let → 0 + in above inequality, and note that W =Ā (h)
T,S , we get
This completes the proof. Now, we can consider the case when the operator A and the subsets T, S all have some small perturbations. For convenience, in the following Theorem,
T,S is quasi-additive on R(δA), it follows that Φ ∈ B(X, Y ), i,e., Φ is a bounded linear operator. For any x ∈ N (Φ), AA 
